We construct smooth 4-manifolds homeomorphic but not diffeomorphic to CP 2 #6CP 2 .
Introduction
Based on work of Freedman [4] and Donaldson [2] , in the mid 80's it became possible to show the existence of exotic smooth structures on closed simply connected 4-manifolds, that is, to construct homeomorphic but non-diffeomorphic pairs of smooth closed 4-manifolds with trivial fundamental group. For a long time the pair CP 2 #8CP 2 (the complex projective plane blown up at eight points) and a certain algebraic surface (the Barlow surface) provided such a simply connected pair with smallest Euler characteristic [6] . Recently, by a clever application of the rational blow-down operation originally introduced by Fintushel and Stern [3] , Park found a smooth 4-manifold homeomorphic but not diffeomorphic to CP 2 #7CP 2 [10] . Applying a similar rational blow-down construction we show Theorem 1.1 There exists a smooth 4-manifold X which is homeomorphic to CP 2 #6CP 2 but not diffeomorphic to it.
Note that X has Euler characteristic χ(X) = 9, and thus provides the smallest known closed exotic simply connected smooth 4-manifold. The proof of Theorem 1.1 involves two steps. First we will construct a smooth 4-manifold X and determine its fundamental group and characteristic numbers. Applying Freedman's theorem, we conclude that X is homeomorphic to CP 2 #6CP 2 . Then by computing the Seiberg-Witten invariants of X we show that it is not diffeomorphic to CP 2 #6CP 2 . By determining all Seiberg-Witten basic classes of X we can also show that it is minimal. This result, in conjunction with the result of [8] gives Corollary 1.2 Let n ∈ {6, 7, 8}. Then there are at least n − 4 different smooth structures on the topological manifolds CP 2 #nCP 2 . The different smooth 4-manifolds Z 1 (n), Z 2 (n), . . . , Z n−4 (n) homeomorphic to CP 2 #nCP 2 have 0, 2, . . . , 2 n−5 Seiberg-Witten basic classes, respectively.
In Section 2 we give several constructions of exotic smooth structures on CP 2 #6CP 2 by rationally blowing down various configurations of chains of 2-spheres. Since the generalized rational blow-down operation is symplectic (when applied along symplectically embedded spheres), see [11] , the 4-manifolds we constructed all admit symplectic structures. The computation of their Seiberg-Witten basic classes show that they are all minimal symplectic 4-manifolds with isomorphic Seiberg-Witten invariants. It is not known whether these examples are diffeomorphic to each other.
It is interesting to note that any two minimal symplectic 4-manifolds on the topological manifold CP 2 #nCP 2 n ∈ {0, . . . , 8} have identical Seiberg-Witten invariants. As a corollary, Seiberg-Witten invariants can tell apart only at most n + 2 symplectic structures on the topological manifold CP 2 #nCP 2 with n ∈ {0, . . . , 8}, and so at most eight smooth structures on CP 2 #6CP 2 which support symplectic structures.
we start with a special elliptic fibration on CP 2 #9CP 2 . (For conventions and constructions see [5] .) Theorem 2.1 There is an elliptic fibration CP 2 #9CP 2 → S 2 with a singular fiber of type III * , three fishtail fibers and two sections.
The type III * singular fiber can be given by the plumbing diagram of Figure 1 . (All spheres in the plumbing have self-intersection equal to −2.) If h, e 1 , . . . , e 9 00 00 00 11 11 11 0 0 0 1 1 1 0 0 0 1 1 1 00 00 00 11 11 11 0 0 0 1 1 1 00 00 11 11 0 0 0 1 1 1 00 00 00 11 11 11 000000000000000 111111111111111 0 0 0 0 0 3 4 e −e 7 8 e −e 5 6 e −e 4 5 e −e 6 7 e −e 8 9 h−e −e −e 1 2 3 h−e −e −e 3 4 5 Figure 1 : Plumbing diagram of the singular fiber of type III * is the standard generating system of H 2 (CP 2 #9CP 2 ; Z) then the homology classes of the spheres in the III * fiber are as given in Figure 1 .
Generalized rational blow-down
Let L p,q denote the lens space L(p 2 , pq−1), where p ≥ q ≥ 1 and relative prime. Let C p,q denote the plumbing 4-manifold we get by plumbing 2-spheres along the linear graph with decorations d i ≤ −2 given by the continued fractions of − p 2 pq−1 ; we have the obvious relation ∂C p,q = L p,q . Let K ∈ H 2 (C p,q ; Z) denote the cohomology class which evaluates on each 2-sphere of the plumbing diagram as d i + 2. 1, 9] ) The 3-manifold ∂C p,q = L(p 2 , pq − 1) bounds a rational ball B p,q and the cohomology class K| ∂Cp,q extends to B p,q .
The following proposition provides embeddings of some of the above plumbings into rational surfaces.
Proposition 2.3
• The 4-manifold C 28,19 embeds into CP 2 #17CP 2 with simply connected complement.
• C 46,37 embeds into CP 2 #19CP 2 with simply connected complement.
• C 64,55 embeds into CP 2 #21CP 2 with simply connected complement.
Proof Let us consider an elliptic fibration on CP 2 #9CP 2 with a type III * singular fiber, three fishtails and two sections s 1 , s 2 as described by the schematic diagram of Figure 2 . First blow up the three double points (indicated by small Finally, apply two more blow-ups inside the dashed circle as shown by Figure 3 . By counting the number of blow-ups, the desired embedding of C 28,19 follows.
In a similar way, now blow up A 1 , A 2 , B 3 , and smooth B 1 , B 2 and A 3 . Four further blow-ups in the manner depicted by Figure 3 provides the embedding of C 46,37 .
Finally, by blowing up A 1 , B 2 , B 3 , and smoothing B 1 , A 2 and A 3 , and then performing six further blow-ups as before inside the dashed circle, we get the embedding of C 64,55 as claimed.
The simple connectivity of the complement follows from the fact that the normal circle to the (−2)-framed sphere intersected by the dashed (−2)-curve (which is in the III * fiber but not in our chosen configuration) is a generator of the fundamental group of the boundary three-manifold and bounds a disk in the complement. (In fact, it is 29, 45, 61 times the generator given by the linking normal circle of the last sphere of the configuration, respectively.) Since rational surfaces are simply connected, the result follows. It is not hard to see that by attaching a 4-dimensional 2-handle to C 28,19 with framing −1 along the knot K of Figure 4 we get a 4-manifold diffeomorphic to the connected sum S 2 ×D 2 #11CP 2 : keep sliding down the −1-framed unknots until we arrive to a 0-framed unknot. By attaching a 3-and a 4-handle to this 4-manifold we get a closed 4-manifold diffeomorphic to 11CP 2 . In conclusion, ∂C 28,19 can be given as the boundary of a 4-manifold with vanishing second homology: take 11CP In order to make our later computation explicit, we fix the convention that the second homology group H 2 (CP 2 #17CP 2 ; Z) is generated by the homology elements h, e 1 , . . . , e 17 (with h 2 = 1, e 2 i = −1 i = 1, . . . , 17) and in this basis the homology classes of the spheres in C 28,19 can be given (from left to right on the linear plumbing of Figure 4 ) as e 16 − e 17 , e 10 − e 16 , 9h−2e 1 −3e 2 −3e 3 −3e 4 −3e 5 −3e 6 −3e 7 −3e 8 −3e 9 −2e 10 −2e 11 −2e 12 −e 13 −e 14 −e 15 −e 16 −e 17 h − e 1 − e 2 − e 3 , e 3 − e 4 , e 4 − e 5 , e 5 − e 6 , e 6 − e 7 , e 7 − e 8 , e 8 − e 9 , e 9 − e 13 − e 14 − e 15 .
(Similar computations determine the homology classes of the configurations C 46,37 and C 64,55 found in the respective rational surfaces.) Definition 2.5 Let us define X 1 as the rational blow-down of CP 2 #17CP 2 along the copy of C 28,19 specified above. Similarly, X 2 , X 3 is defined as the blow-down of the configurations C 46,37 and C 64,55 in the appropriate rational surfaces.
As a consequence of Freedman's Classification of topological 4-manifolds we have
Theorem 2.6 The smooth 4-manifolds X 1 , X 2 , X 3 are homeomorphic to CP 2 #6CP 2 .
Proof Since the complements of the configurations are simply connected and the fundamental group of the rational ball B p,q injects into the fundamental group of its boundary, simple connectivity of X 1 , X 2 , X 3 follows from Van Kampen's theorem. Computing the Euler characteristics and signatures of these 4-manifolds, Freedman's Theorem [4] implies the statement.
A further example
A slightly different construction can be carried out as follows. Recall that C 32,17 is equal to the 4-manifold defined by the linear plumbing with weights (−2, −9, −5, −2, −2, −2, −2, −2, −2, −3).
Proof We start again with a fibration CP 2 #9CP 2 → S 2 with a singular fiber of type III * , three fishtails and two sections, as shown by Figure 2 . After blowing up the double points of the three fishtail fibers, blow up at A 1 , A 2 , smooth the intersections at B 1 , B 2 , A 3 and keep the transverse intersection at B 3 . One further blow-up as it is described by Figure 3 and finally the blow-up of the transverse intersection of the section s 1 with the singular fiber of type III * provides the desired configuration C 32,17 in CP 2 #16CP 2 .
Remark 2.8 More generally, consider the configuration of curves in CP 2 #14CP 2 given above without the two last blow-ups. This configuration gives a "necklace" of spheres as given in Figure 5 . Now C 32,17 can be given from this picture by blowing up the intersection of the (−7)-and the (−2)-framed circles, and then blowing up the resulting (−8)-sphere appropriately one more time. Notice that by blowing up the intersection of the (−7)-and the (−5)-curves we can get two disjoint configurations of (−8, −2, −2, −2, −2) and (−6, −2, −2), i.e., two "classical rational blow-down" configurations. Blowing them down we can recover the existence of an exotic smooth structure on CP 2 #7CP 2 .
Define Y as the generalized rational blow-down of CP 2 #16CP 2 along the configuration C 32,17 specified above.
Lemma 2.9 The 4-manifold Y is homeomorphic to CP 2 #6CP 2 . 00 00 00 11 11 11 00 00 11 11 0 0 1 1 00 00 00 11 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 0 0 Proof The proof starts with determining the element represented by the circle in ∂C 32,17 we get by intersecting the boundary of the neighbourhood of the plumbing with the sphere in the III * fiber not used in the construction. Since it is a generator and bounds a disk in CP 2 #16CP 2 − int C 32,17 , the complement of the configuration is simply connected, and so Van Kampen's theorem and the fact that the fundamental group of the rational ball B 32,17 injects into the fundamental group of its boundary shows simple connectivity. As before, the computation of the Euler characteristics and signature, together with Freedman's Theorem provide the result. Remark 2.10 A diagram for the rational homology ball B 32,17 can be given in the same way as for the previous examples; the only difference is that the starting circle K (on which we do (−1)-surgery) now links the (−5)-framed circle twice and the (−9)-framed circle once.
Seiberg-Witten invariants
In order to prove Theorem 1.1, we will compute the Seiberg-Witten invariants of the 4-manifolds constructed above. (For an introduction to Seiberg-Witten theory, with a special emphasis on the case of b + 2 = 1, see [9, 10] .) We will go through the computation of the invariants of X 1 only, the other cases follow similar patterns. Proof The corollary easily follows from Theorem 3.1, the fact that SW CP 2 #6CP 2 ≡ 0 and that the Seiberg-Witten function is a diffeomorphism invariant for manifolds homeomorphic to CP 2 #nCP 2 with n ≤ 9.
Proof of Theorem 3.1 Let K ∈ H 2 (CP 2 #17CP 2 ; Z) denote the characteristic cohomology class which satisfies K(h) = 3 and K(e i ) = 1 (i = 1, . . . , 17).
(The Poincaré dual of K is equal to 3h − 17 i=1 e i .) It can be shown that the restriction K| CP 2 #17CP 2 − int C 28,19 extends as a characteristic cohomology class to X 1 : if µ denotes the generator of H 1 (∂C 28,19 ; Z) which is the boundary of a normal disk to the left-most circle in the plumbing diagram of Figure 4 then P D(K| ∂C ) = 532µ = 19 · (28µ) ∈ H 1 (∂C 28,19 ; Z); since H 1 (B 28,19 ; Z) is of order 28 the extendability trivially follows. (See also Proposition 2.2.) LetK denote the extension of K| CP 2 #17CP 2 − int C 28,19 to X 1 . Using the gluing formula for Seiberg-Witten invariants along lens spaces, see e.g. [3, 9] , and the fact that the dimensions of the moduli spaces defined by K andK are equal, we have that the invariant SW X 1 (K) is equal to the Seiberg-Witten invariant of CP 2 #17CP 2 evaluated on K , in the chamber corresponding to a homology element α of non-negative square represented in CP 2 #17CP 2 − int C 28,19 . For example, α = 7h−2e 1 −3e 2 −2e 3 −2e 4 −2e 5 −2e 6 −2e 7 −2e 8 −2e 9 −e 10 −e 12 −2e 13 −e 16 −e 17 is such an element. (Simple computation shows that α is orthogonal to all homology elements in C 28,19 , α · α = 0 and α · h = 7.) It is known that in the chamber containing h the Seiberg-Witten invariant is 0, since this is the chamber containing a positive scalar curvature metric, which prevents the existence of Seiberg-Witten solutions. Since the wall-crossing phenomenon is well-understood in Seiberg-Witten theory (the invariant changes by one once a wall is crossed), the proof of the theorem reduces to determine whether α and h are in the same chamber with respect to K or not. Since K(h) = 3 > 0 and h · α > 0, the inequality K(α) < 0 would imply that there is a wall between h and α, hence SW X 1 (K) = SW CP 2 #17CP 2 (K) = 0, where the invariant of CP 2 #17CP 2 is computed in the chamber containing α. Simple computation shows that K(α) = −4, concluding the proof.
Proof of Theorem 1.1 Now Theorem 2.6 and Corollary 3.2 provide a proof of the main theorem of the paper.
With a calculation modeled on the one given in [8] , one can in fact determine all basic classes of the 4-manifold X 1 and get Z) is a Seiberg-Witten basic class of X 1 then L is equal to ±K . Consequently X 1 is a minimal 4-manifold.
Remark 3.4 A similar computation applied to X 2 , X 3 and Y provides the same result, hence these manifolds are also minimal, homeomorphic to CP 2 #6CP 2 but not diffeomorphic to it. In particular, Seiberg-Witten invariants do not distinguish these 4-manifolds.
Symplectic structures
Since our operation is a special case of the generalized rational blow-down process, which is proved to be symplectic when performed along symplectically embedded spheres [11] , we conclude Proof The 2-spheres in the configurations are either complex submanifolds or given by smoothings of transverse intersections of complex submanifolds, which are known to be symplectic. Furthermore, all geometric intersections are positive, hence the result of [11] applies.
We conclude the paper with an observation showing the limit of Seiberg-Witten invariants in detecting exotic smooth 4-manifolds with symplectic structures homeomorphic to small rational surfaces. The proof rests on the following proposition: Proposition 4.3 Suppose that the smooth 4-manifold X is homeomorphic to CP 2 #nCP 2 with n ≤ 8 and X admits a symplectic structure ω . If X has more than one pair of Seiberg-Witten basic classes then X is not minimal.
Proof By [7] we know that if c 1 (X) · [ω] > 0 and X is simply connected then X is a rational surface, hence under the above topological constraint it admits no Seiberg-Witten basic classes. Therefore we can assume that c 1 (X) · [ω] < 0. Suppose now that ±K and ±L are both pairs of basic classes. By a theorem of Taubes [12] we can assume that K = −c 1 (X). Let a = 1 2 (K − L) and b = 1 2 (K + L). Since X is a symplectic 4-manifold which is of Seiberg-Witten simple type, we have that K 2 = L 2 , hence a · b = 0. By [13] the nontrivial homology classes a and b can be represented by holomorphic curves. If a 2 < 0 then this holomorphic representative is a (−1)-sphere, hence X is not minimal. If a 2 = 0 then the holomorphic curve is a torus and K · a = 0. Since n ≤ 8, K and a are linearly independent, therefore K, a is a 2-dimensional subspace with b − 2 = 0 in the second cohomology, contradicting the fact that b + 2 (X) = 1. A symmetric argument applies if b 2 ≤ 0. Now if a 2 , b 2 > 0 then a, b ⊂ H 2 (X; Z) provides a positive definite subspace of rank two, contradicting the fact that b + 2 (X) = 1. (Notice that since a · b = 0, these elements are linearly independent.) Proof of Theorem 4.2 According to the above said, the number of basic classes of a symplectic manifold homeomorphic to CP 2 #nCP 2 with n ≤ 8 is in the set {0, 2, . . . , 2 n+1 }. Therefore, the number of basic classes on symplectic 4-manifolds homeomorphic to CP 2 #nCP 2 can distinguish at most n + 2 different smooth structures. Let us suppose now that X 1 , X 2 homeomorphic symplectic 4-manifolds (also homeomorphic to CP 2 #nCP 2 for some n ≤ 8) admit equal number of basic classes. By Proposition 4.3 this implies that there are homeomorphic minimal symplectic 4-manifolds Y 1 , Y 2 such that X i are the blow-ups of Y i (i = 1, 2). For these homotopy types it is easy to show that there is an isomorphism between the cohomology rings of Y 1 and Y 2 mapping the canonical classes of the symplectic structures to each other. Such an isomorphism, however, is known to be induced by a homeomorphism, which extends to a homeomorphism f : X 1 → X 2 with the property that f * maps the basic classes of X 2 to basic classes of X 1 . In conclusion, the obstruction stemming from Seiberg-Witten invariants for f to be a diffeomorphism vanishes, and so we cannot use Seiberg-Witten invariants to decide whether the homeomorphism f can be chosen to be a diffeomorphism or not.
